Introduction {#Sec1}
============

Over the last decades, stochastic differential equations (SDEs) have become an established and powerful tool for modelling time-dependent, real-world phenomena with underlying random effects. They have been successfully applied to a variety of scientific fields, ranging from biology over finance to physics, chemistry, neuroscience and others. Diffusion processes obtained as solutions of SDEs are typically characterised by some underlying structural properties whose investigation and preservation are crucial. Examples are boundary properties, symmetries or the preservation of invariants or qualitative behaviour such as the ergodicity or the conservation of energy. Here, we focus on a specific structural property, namely the existence of a unique invariant measure. Besides the modelling, it is of primary interest to estimate the underlying model parameters. This is particularly difficult when the multivariate stochastic process is only partially observed through a 1-dimensional function of its coordinates (the output process), a scenario that we tackle here. Moreover, due to the complexity of SDEs, needed to understand and reproduce the real data, the underlying likelihood is often unknown or intractable. Among several likelihood-free inference approaches, we focus on the simulation-based approximate Bayesian computation (ABC) method. We refer to Marin et al. ([@CR31]) and to the recently published book "Handbook of approximate Bayesian computation" for an exhaustive discussion (Sisson et al. [@CR54]).

ABC has become one of the major tools for parameter inference in complex mathematical models in the last decade. The method is based on the idea of deriving an approximate posterior density targeting the true (unavailable) posterior by running massive simulations from the model to replace the intractable likelihood. It was first introduced in the context of population genetics; see, e.g. Beaumont et al. ([@CR7]). Since then, it has been successfully applied in a wide range of fields; see, e.g. Barnes et al. ([@CR6]), Blum ([@CR11]), Boys et al. ([@CR13]), McKinley et al. ([@CR35]), Moores et al. ([@CR39]) and Toni et al. ([@CR59]). Moreover, ABC has also been proposed to infer parameters from time series models (see, e.g. Drovandi et al. [@CR17]; Jasra [@CR23]), state space models (see, e.g. Martin et al. [@CR32]; Tancredi [@CR58]) and SDE models (see, e.g. Kypraios et al. [@CR26]; Maybank et al. [@CR34]; Picchini [@CR43]; Picchini and Forman [@CR44]; Picchini and Samson [@CR45]; Sun et al. [@CR57]; Zhu et al. [@CR65]). Several advanced ABC algorithms have been proposed in the literature, such as sequential Monte Carlo (SMC) ABC, Markov Chain Monte Carlo (MCMC) ABC, sequential annealing ABC, noisy ABC; see, e.g. Fan and Sisson ([@CR19]) and the references therein for a recent review. The idea of the basic acceptance--rejection ABC algorithm is to keep a sampled parameter value from the prior as a realisation from the approximate posterior, if the distance between the summary statistics of the synthetic dataset, which is generated conditioned on this parameter value, and the summaries of the original reference data is smaller than some tolerance level. The goal of this paper is to illustrate how building up the ABC method on the structural properties of the underlying SDE, and using a numerical method capable of preserving them in the generation of the data from the model, leads to a successful inference even when applying ABC in this basic acceptance--rejection form.

The performance of any ABC method depends heavily on the choice of "informative enough" summary statistics, a suitable distance measure and a tolerance level $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ decreases, and it has been shown that, under some conditions, the approximated ABC posterior converges to the true one when $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \rightarrow 0$$\end{document}$ (Jasra [@CR23]). At the same time though, the computational cost increases when $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ decreases. A possibility is to use ad hoc threshold selection procedures; see, e.g. Barber et al. ([@CR5]), Blum ([@CR12]), Lintusaari et al. ([@CR29]), Prangle et al. ([@CR49]) and Robert ([@CR52]). Here, we fix the tolerance level $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ as a percentile of the calculated distances. This is another common practice known as "reference table acceptance--rejection ABC"  (Cornuet et al. [@CR16]) and used, for example, in Beaumont et al. ([@CR7]), Biau et al. ([@CR9]), Sun et al. ([@CR57]) and Vo et al. ([@CR61]). Instructions for constructing effective summaries and distances are rare, and they depend on the problem under consideration; see, e.g. Fearnhead and Prangle ([@CR20]) for a semiautomatic linear regression approach, Jiang et al. ([@CR24]) for an automatic construction approach based on training deep neural networks and Blum ([@CR12]) and Prangle ([@CR48]) for two recent reviews. To avoid the information loss caused by using non-sufficient summary statistics, another common procedure is to work with the entire dataset; see, e.g. Jasra ([@CR23]) and Sun et al. ([@CR57]). This requires the application of more sophisticated distances *d* such as the Wasserstein metric (Bernton et al. [@CR8]; Muskulus and Verduyn-Lunel [@CR42]) or other distances designed for time series; for an overview see, e.g. Mori et al. ([@CR40]) and the references therein.

When working with stochastic models, simulations from the stochastic simulator, conditionally to the same parameter configuration, yield different trajectories. To consider summary statistics that are less sensitive to the intrinsic stochasticity of the model (Wood [@CR64]), we choose them based on the structural property of an underlying invariant measure. The idea is to map the data, i.e. the realisations of the output process, to an object that is invariant for repeated simulations under the same parameter setting and is instead sensitive to small changes in the parameters. In particular, we map the data to their estimated invariant density and invariant spectral density, taking thus the dependence structure of the dynamical model into account. The distance measure can then be chosen according to the mapped data.

As other simulation-based statistical methods, e.g. MCMC, SMC or machine learning algorithms, ABC relies on the ability of simulating data from the model. However, the exact simulation from complex stochastic models is rarely possible, and thus, numerical methods need to be applied. This introduces a new level of approximation into the ABC framework. When the statistical method is build upon the structural properties of the underlying model, the successful inference can only be guaranteed when these properties are preserved in the synthetic data generated from the model. However, the issue of deriving a property-preserving numerical method when applying ABC to SDEs is usually seen as not so relevant, and it is usually recommended to use the Euler--Maruyama scheme or one of the higher-order approximation methods described in Kloeden and Platen ([@CR25]); see, e.g. Picchini ([@CR43]), Picchini and Forman ([@CR44]), Picchini and Samson ([@CR45]) and Sun et al. ([@CR57]). In general, these standard methods do not preserve the underlying structural local and global properties of the model; see, e.g. Ableidinger et al. ([@CR2]), Malham and Wiese ([@CR30]), Moro and Schurz ([@CR41]) and Strømmen Melbø and Higham ([@CR56]).

Here, we propose to apply structure-preserving numerical splitting schemes within the ABC algorithm. The idea of these methods is to split the SDE into explicitly solvable subequations and to apply a proper composition of the resulting exact solutions. Standard procedures are, for example, the Lie--Trotter method and the usually more accurate Strang approach; see, e.g. Leimkuhler et al. ([@CR28]). Since the only approximation enters through the composition of the derived explicit solutions, numerical splitting schemes usually preserve the structural properties of the underlying SDE and accurately reproduce its qualitative behaviour. Moreover, they usually have the same order of convergence as the frequently applied Euler--Maruyama method and are likewise efficient. We refer to Blanes et al. ([@CR10]) and Mclachlan and Quispel ([@CR36]) for an exhaustive discussion of splitting methods for broad classes of ordinary differential equations (ODEs), which partially have already been carried over to SDEs; see, e.g. Misawa ([@CR38]) for a general class of SDEs, Ableidinger and Buckwar ([@CR1]) for the stochastic Landau--Lifshitz equations, Bréhier and Goudenège ([@CR14]) for the Allen--Cahn equation and Ableidinger et al. ([@CR2]) for Hamiltonian type SDEs.

The main contribution of this work lies in the combination of the proposed invariant measure-based summary statistics and the measure-preserving numerical splitting schemes within the ABC framework. We demonstrate that a simulation-based inference method, here ABC, can only perform well if the underlying simulation method preserves the structural properties of the SDE. While the use of preserving splitting schemes within the ABC method yields successful results, applying a general purpose numerical method, such as the Euler--Maruyama discretisation, may result in seriously wrong inferences. We illustrate the proposed spectral density-based and measure-preserving ABC method on the class of stochastic Hamiltonian type equations for which the existence of an underlying unique invariant distribution and measure-preserving numerical splitting schemes have been already intensively studied in the literature; see, e.g. Ableidinger et al. ([@CR2]), Mattingly et al. ([@CR33]), Leimkuhler and Matthews ([@CR27]) and Milstein and Tretyakov ([@CR37]). Hamiltonian type SDEs have been investigated in molecular dynamics, where they are typically referred to as Langevin equations; see, e.g. Leimkuhler and Matthews ([@CR27]). Recently, they have also received considerable attention in the field of neuroscience as the so-called neural mass models (Ableidinger et al. [@CR2]).

The paper is organised as follows: In Sect. [2](#Sec2){ref-type="sec"}, we recall the acceptance--rejection ABC setting. We introduce the invariant measure-based summary statistics and propose a proper distance. We then discuss the importance of considering measure-preserving numerical schemes for the synthetic data generation when exact simulation methods are not applicable and provide a short introduction to numerical splitting methods. In Sect. [3](#Sec7){ref-type="sec"}, we introduce Hamiltonian type SDEs and recall two splitting integrators preserving the invariant measure of the model. In Sect. [4](#Sec11){ref-type="sec"}, we validate the proposed method by investigating the stochastic harmonic oscillator, for which exact simulation is possible. In Sect. [5](#Sec15){ref-type="sec"}, we apply the proposed ABC method to the stochastic Jansen and Rit neural mass model (JR-NMM). We refer to Jansen and Rit ([@CR21]) for the original version, an ODE with a stochastic input function, and to Ableidinger et al. ([@CR2]) for its reformulation as a Hamiltonian type SDE. This model has been reported to successfully reproduce electroencephalography (EEG) data. We illustrate the performance of the proposed ABC method with both simulated and real data. Final remarks, possible extensions and conclusions are reported in Sect. [6](#Sec21){ref-type="sec"}. A supplementary material (Online Resource 1) with further illustrations of the proposed method is available online, and a sample code used to generate the main results is available on github at <https://github.com/massimilianotamborrino/sdbmpABC>.

Spectral density-based and measure-preserving ABC for partially observed SDEs with an invariant distribution {#Sec2}
============================================================================================================
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                \begin{document}$$k \in {\mathbb {N}}$$\end{document}$, be a vector of relevant model parameters. We consider the following *n*-dimensional, $\documentclass[12pt]{minimal}
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                \begin{document}$$n \in {\mathbb {N}}$$\end{document}$, non-autonomous SDE of Itô-type describing the time evolution of a system of interest$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \hbox {d}X(t)&=f(t,X(t);\theta ) \ \hbox {d}t + {\mathcal {G}} (t, X(t);\theta ) \ \hbox {d}W(t) \\ X(0)&= X_0, \quad t \in [0,T]. \end{aligned} \end{aligned}$$\end{document}$$The initial value $\documentclass[12pt]{minimal}
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                \begin{document}$$X_0$$\end{document}$ is either deterministic or a $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^n$$\end{document}$-valued random variable, measurable with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {F}}$$\end{document}$. Here, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{W }\!=\!(W(t))_{t \in [0,T]}$$\end{document}$ is a *r*-dimensional, $\documentclass[12pt]{minimal}
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                \begin{document}$$r \in {\mathbb {N}}$$\end{document}$, Wiener process with independent and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {F}}$$\end{document}$-adapted components. We further assume that the drift component $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:~[0,T] \times {\mathbb {R}}^n \rightarrow {\mathbb {R}}^n$$\end{document}$ and the diffusion component $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {G}}: [0,T] \times {\mathbb {R}}^n \rightarrow {\mathbb {R}}^{n \times r}$$\end{document}$ fulfil the necessary global Lipschitz and linear growth conditions, such that the existence and the pathwise uniqueness of an $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{X }=(X(t))_{t \in [0,T]} \in {\mathbb {R}}^n$$\end{document}$ of ([1](#Equ1){ref-type=""}) are guaranteed; see, e.g. Arnold ([@CR4]).

We aim to infer the parameter vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ inherent in the SDE ([1](#Equ1){ref-type=""}), when the *n*-dimensional solution process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{X }$$\end{document}$ is only partially observed through the 1-dimensional and parameter-dependent output process$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf{Y }_\theta =(Y_\theta (t))_{t \in [0,T]}=g(\mathbf{X }), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$g: {\mathbb {R}}^n \rightarrow {\mathbb {R}}$$\end{document}$ is a real-valued continuous function of the components of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{X }$$\end{document}$. Here, we assume that the process $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y }_\theta $$\end{document}$ is observed without measurement error, referring to, e.g. Picchini ([@CR43]) and Picchini and Forman ([@CR44]), where the measurement error is taken into account.

Further, we assume a specific underlying structural model property, namely the existence of a unique invariant measure $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathbb {R}},{\mathcal {B}}({\mathbb {R}}))$$\end{document}$ of the output process $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {B}}$$\end{document}$ denotes the Borel Sigma-algebra. The process has invariant density $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{\mathbf{Y }_\theta }$$\end{document}$ and mean, autocovariance and variance given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{X }$$\end{document}$ of SDE ([1](#Equ1){ref-type=""}) admits an invariant distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$({\mathbb {R}}^n,{\mathcal {B}}({\mathbb {R}}^n))$$\end{document}$, then the output process $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y }_\theta $$\end{document}$ inherits this structural property by means of the marginal invariant distributions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _{\mathbf{X }}$$\end{document}$. Furthermore, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y }_\theta =(Y_\theta (t))_{t \in [0,\infty )}$$\end{document}$ evolves according to the distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _{\mathbf{Y }_{\theta }}$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$$t \ge 0$$\end{document}$. Our goal is to perform statistical inference for the parameter vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y }_\theta $$\end{document}$ given in ([2](#Equ2){ref-type=""}), by benefiting from the (in general unknown) invariant distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _{\mathbf{Y }_\theta }$$\end{document}$ satisfying ([3](#Equ3){ref-type=""}).

The ABC method {#Sec3}
--------------
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                \begin{document}$$l \in {\mathbb {N}}$$\end{document}$, be the reference data, corresponding to discrete time observations of the output process $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi (\theta |y)$$\end{document}$ the prior and the posterior density, respectively. For multivariate complex SDEs, the underlying likelihood is often unknown or intractable. The idea of the ABC method is to derive an approximate posterior density for $\documentclass[12pt]{minimal}
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Throughout, we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ a posteriori, in the spirit of the reference table acceptance--rejection ABC (Cornuet et al. [@CR16]), summarised in Algorithm 1, that is, we first produce the reference table $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\theta ^i,D_i)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\ldots ,N$$\end{document}$, and then obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$ as a percentile *p* of the calculated distances $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_i$$\end{document}$. Algorithm 1 yields samples from an approximated posterior $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _{\text {ABC}}(\theta |y)$$\end{document}$ according to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \pi (\theta |y) \approx \pi _{\text {ABC}} (\theta |y) = \pi \{ \theta | d(s(y),s(y_\theta ))<\epsilon \}. \end{aligned}$$\end{document}$$Fig. 1Two realisations of the output process of the stochastic JR-NMM ([25](#Equ25){ref-type=""}) generated with the numerical splitting method ([17](#Equ17){ref-type=""}) for an identical choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$. The lengths of the time intervals are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T=200$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\epsilon $$\end{document}$, the quality of the ABC method depends strongly on the choice of suitable summary statistics combined with a proper distance measure and on the numerical method used to generate the synthetic data from the model. In the following, we introduce summaries that are very effective for the class of models having an underlying invariant distribution, we suggest a proper distance based on them, and we propose the use of measure-preserving numerical splitting schemes.

An effective choice of summaries and distances: spectral density-based ABC {#Sec4}
--------------------------------------------------------------------------

When applying ABC to stochastic models, an important statistical challenge arises. Due to the intrinsic randomness, repeated simulations of the process $\documentclass[12pt]{minimal}
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### Proposal 1 {#FPar1}

To use the property of an invariant measure $\documentclass[12pt]{minimal}
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Instead of working with the output process $\documentclass[12pt]{minimal}
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After performing the data mapping ([5](#Equ5){ref-type=""}), which significantly reduces the randomness in the output of the stochastic simulator, the distance $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d(\cdot )$$\end{document}$ can be chosen among the distance measures between two $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}$$\end{document}$-valued functions. Here, we consider the integrated absolute error (IAE) defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {IAE}(g_1,g_2):=\int \limits _{{\mathbb {R}}} \ \Bigl |g_1(x)-g_2(x)\Bigr | \ \hbox {d}x \in {\mathbb {R}}^+. \end{aligned}$$\end{document}$$Another natural possibility could be a distance chosen among the so-called *f*-divergences (see, e.g. Sason and Verdú [@CR53]), or the Wasserstein distance, recently proposed for ABC (Bernton et al. [@CR8]). Within the ABC framework (see Step 7 in Algorithm 1), we suggest to use the following distance$$\documentclass[12pt]{minimal}
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                \begin{document}$$w \ge 0$$\end{document}$ is a weight that we assign to the part related to the IAE of the invariant densities such that the two errors are of the same "order of magnitude". This is particularly needed because, differently from the invariant density, the invariant spectral density does not integrate to 1. We obtain a value for the weight by performing an ABC pilot simulation. It consists in reiterating the following steps *L* times:

Then, we take the median of the resulting *L* values $\documentclass[12pt]{minimal}
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In our applications we consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \in {\mathbb {N}}$$\end{document}$ realisations of the output process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{Y }_\theta $$\end{document}$ sampled at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$M>1$$\end{document}$ datasets improves the quality of the estimation due to the increased number of observations.

A new proposal of synthetic data generation: measure-preserving ABC {#Sec5}
-------------------------------------------------------------------

A crucial aspect of ABC and of all other simulation-based methods is the ability of simulating from the model (Step 5 of Algorithm 1). Consider a discretised time grid with the equidistant time step $\documentclass[12pt]{minimal}
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The commonly used Euler--Maruyama scheme yields discretised trajectories of the solution process $\documentclass[12pt]{minimal}
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### Proposal 2 {#FPar2}

To adopt a numerical method for the synthetic data generation that preserves the underlying invariant measure of the model.

Fig. 2Comparison of the true invariant density of the weakly damped stochastic harmonic oscillator ([23](#Equ23){ref-type=""}) (blue solid lines) with the densities estimated using a kernel density estimator applied on data $\documentclass[12pt]{minimal}
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We apply numerical splitting schemes within the ABC framework and provide a brief account of their theory. Let us assume that the drift *f* and the diffusion $\documentclass[12pt]{minimal}
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                \begin{document}$$j \in \{ 1,\ldots ,d \}$$\end{document}$, can be solved exactly. Note that, the terms $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {G}}^{[j]}$$\end{document}$ can be null, resulting in deterministic equations (ODEs). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$X^{[j]}(t)=\varphi _t^{[j]}(X_0)$$\end{document}$ denote the exact solutions (flows) of the above subequations at time *t* and starting from $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in {\mathbb {R}}^n$$\end{document}$, that provides a numerical solution for the original SDE ([1](#Equ1){ref-type=""}).

In Fig. [2](#Fig2){ref-type="fig"}, we illustrate how the numerical splitting method preserves the underlying invariant measure of the weakly damped stochastic harmonic oscillator ([23](#Equ23){ref-type=""}), independently from the choice of the time step $\documentclass[12pt]{minimal}
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                \begin{document}$$\varDelta $$\end{document}$ increases. Each subplot shows a comparison of the true invariant density (blue solid lines) and the corresponding kernel estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$y_\theta $$\end{document}$ from the model, generated from the measure-preserving numerical splitting scheme ([22](#Equ22){ref-type=""}) (orange dashed lines) or the Euler--Maruyama approach (green dotted lines). The data are generated under $\documentclass[12pt]{minimal}
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Notation {#Sec6}
--------

We apply the summary statistics ([5](#Equ5){ref-type=""}) and the distance ([8](#Equ8){ref-type=""}) in Algorithm 1. We use the notation Algorithm 1 (i) \[spectral density-based ABC method\] when the synthetic data are simulated exactly, Algorithm 1 (ii) \[spectral density-based and measure-preserving ABC method\] when a measure-preserving numerical splitting scheme is applied and Algorithm 1 (iii) when we generate the data with the non-preserving Euler--Maruyama scheme.

To evaluate the performance of the proposed ABC method, we analyse the marginal posterior densities, denoted by $\documentclass[12pt]{minimal}
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An illustration on Hamiltonian type SDEs {#Sec7}
========================================

We illustrate the proposed ABC approach on Hamiltonian type SDEs and define the *n*-dimensional ($\documentclass[12pt]{minimal}
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Structural model property {#Sec8}
-------------------------

Under the requirement of non-degenerate matrices $\documentclass[12pt]{minimal}
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Measure-preserving numerical splitting schemes {#Sec9}
----------------------------------------------

Two splitting approaches for SDE ([10](#Equ10){ref-type=""}) are provided, see Ableidinger et al. ([@CR2]). Due to the nonlinear term *G*, the SDE ([10](#Equ10){ref-type=""}) cannot be solved explicitly. With the purpose of excluding *G*, the Hamiltonian type SDE ([10](#Equ10){ref-type=""}) is split into the two subsystems$$\documentclass[12pt]{minimal}
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The derivation of the subsystems is not unique. For example, another possibility is to combine the stochastic term with the nonlinear part, yielding the subsystems$$\documentclass[12pt]{minimal}
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Implementation details {#Sec10}
----------------------

The ABC procedure is coded in the computing environment **R** (R Development Core Team [@CR51]), using the package **Rcpp** (Eddelbuettel and François [@CR18]), which offers a seamless integration of **R** and C++, drastically reducing the computational time of the algorithms. The code is then parallelised using the R-packages foreach and doParallel, taking advantage of the *for loop* in the algorithm. All simulations are run on the HPC cluster RADON1, a high-performing multiple core cluster located at the Johannes Kepler University Linz. To obtain smoothed periodogram estimates, we apply the R-function spectrum. It requires the specification of a smoothing parameter span. In all our experiments, we use span  $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$=10^3$$\end{document}$. The invariant spectral density is estimated at the default values of the spectrum function. A sample code is publicly available on github at <https://github.com/massimilianotamborrino/sdbmpABC>.

Validation of the proposed ABC method when exact simulation is possible {#Sec11}
=======================================================================

In this section, we illustrate the performance of the proposed ABC approach on a model problem (weakly damped stochastic harmonic oscillator) of Hamiltonian type ([10](#Equ10){ref-type=""}) with vanishing nonlinear displacement term $\documentclass[12pt]{minimal}
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Weakly damped stochastic harmonic oscillator: the model and its properties {#Sec12}
--------------------------------------------------------------------------

We investigate the 2-dimensional Hamiltonian type SDE$$\documentclass[12pt]{minimal}
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Validation of the spectral density-based ABC Algorithm 1 (i) {#Sec13}
------------------------------------------------------------
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Validation of the spectral density-based and measure-preserving ABC Algorithm 1 (ii) {#Sec14}
------------------------------------------------------------------------------------
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                \begin{document}$$10^{-2}$$\end{document}$ (lower panels). The red horizontal lines denote the uniform priors and the black vertical lines the true parameter values. (Color figure online)

As a further illustration of the poor performance of the Euler--Maruyama scheme, even for smaller choices of $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =\lambda $$\end{document}$ of the weakly damped stochastic oscillator ([23](#Equ23){ref-type=""}) obtained from Algorithm 1 (i) using the exact simulation scheme ([14](#Equ14){ref-type=""}) (blue solid lines), (ii) using the splitting scheme ([22](#Equ22){ref-type=""}) (orange dashed lines) and (iii) using the Euler--Maruyama method ([9](#Equ9){ref-type=""}) (green dotted lines) for different choices of the time step $\documentclass[12pt]{minimal}
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Validation of the spectral density-based and measure-preserving ABC Algorithm 1 (ii) on simulated and real data {#Sec15}
===============================================================================================================

We now illustrate the performance of Algorithm 1 (ii) by applying it to the stochastic JR-NMM. We rely on the efficient numerical splitting scheme ([17](#Equ17){ref-type=""}) to guarantee measure-preserving synthetic data generation within the ABC framework. After estimating the parameters from simulated data, we infer them from real EEG data. In the available supplementary material, we illustrate the performance of Algorithm 1 (ii) also on the nonlinear damped stochastic oscillator, an extended version of the weakly damped harmonic oscillator discussed in Sect. [4](#Sec11){ref-type="sec"}.

The stochastic Jansen and Rit neural mass model {#Sec16}
-----------------------------------------------

The stochastic JR-NMM describes the electrical activity of an entire population of neurons through their average properties by modelling the interaction of the main pyramidal cells with the surrounding excitatory and inhibitory interneurons. The model has been reported to successfully reproduce EEG data and is applied in the research of neurological disorders such as epilepsy or schizophrenia (Wendling et al. [@CR62], [@CR63]). The model is a 6-dimensional SDE of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned}&\hbox {d} \begin{pmatrix} Q(t) \\ P(t) \end{pmatrix} = \begin{pmatrix} 0 \\ \varSigma _\theta \end{pmatrix} \hbox {d}W(t) \\&+\,\begin{pmatrix} P(t) \\ -\varGamma ^2Q(t) -2\varGamma P(t) + G(Q(t);\theta ) \end{pmatrix} \hbox {d}t, \\ \end{aligned} \end{aligned}$$\end{document}$$where the 6-dimensional solution process is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{X }=(\mathbf{Q },\mathbf{P })^{\prime }$$\end{document}$ with components $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {Q}}=({\mathbf {X}}_{{\mathbf {1}}},{\mathbf {X}}_{{\mathbf {2}}}, {\mathbf {X}}_{{\mathbf {3}}})^{\prime }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {P}}=({\mathbf {X}}_{{\mathbf {4}}},{\mathbf {X}}_{{\mathbf {5}}},{\mathbf {X}}_{{\mathbf {6}}})^{\prime }$$\end{document}$. None of the coordinates of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{X }$$\end{document}$ is directly observed. Only the difference between the second and third coordinates can be measured with EEG recording techniques, yielding the output process$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbf{Y }_\theta ={\mathbf {X}}_{{\mathbf {2}}}-{\mathbf {X}}_{{\mathbf {3}}}. \end{aligned}$$\end{document}$$In ([25](#Equ25){ref-type=""}), the diagonal diffusion matrix is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma _\theta =\hbox {diag}[\sigma _4, \sigma _5, \sigma _6] \in {\mathbb {R}}^{3\times 3}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _i>0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=4,5,6$$\end{document}$. The matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma =\hbox {diag}[a,a,b] \in {\mathbb {R}}^{3\times 3}$$\end{document}$ is also diagonal with coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b>0$$\end{document}$, representing the time constants of the excitatory and inhibitory postsynaptic potentials, respectively. The nonlinear displacement term is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G({\mathbf {Q}};\theta )= \begin{pmatrix} Aa[\hbox {Sigm}({\mathbf {X}}_{{\mathbf {2}}}-{\mathbf {X}}_{{\mathbf {3}}})] \\ Aa[\mu +C_2\hbox {Sigm}(C_1{\mathbf {X}}_{{\mathbf {1}}})] \\ Bb[C_4\hbox {Sigm}(C_3{\mathbf {X}}_{{\mathbf {1}}})] \end{pmatrix}, \end{aligned}$$\end{document}$$where the sigmoid function Sigm: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}} \rightarrow [0, v_{{\mathrm{max}}}]$$\end{document}$ is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {Sigm}(x):=\frac{v_{{\mathrm{max}}}}{1+\text {exp}[r(v_0-x)]}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_{{\mathrm{max}}}>0$$\end{document}$ referring to the maximum firing rate of the neural populations, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0 \in {\mathbb {R}}$$\end{document}$ describing the value for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$50 \ \%$$\end{document}$ of the maximum firing rate is attained and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r>0$$\end{document}$ denoting the slope of the sigmoid function at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0$$\end{document}$. The parameters entering in *G* are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$, *A*, *B* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2,3,4$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\in {\mathbb {R}}^+$$\end{document}$. The coefficients *A* and *B* describe the average excitatory and inhibitory synaptic gain, respectively. The parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ are internal connectivity constants, which reduce to only one parameter *C*, by using the relations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1=C$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2=0.8C$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3=0.25C$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_4=0.25C$$\end{document}$; see Jansen and Rit ([@CR21]).

Parameter inference from simulated data {#Sec17}
---------------------------------------

Not all model parameters of the JR-NMM are of biological interest or can be simultaneously identified. For example, the noise coefficients $\documentclass[12pt]{minimal}
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### Identifiability issues: the detection of an invariant manifold, i.e. a set of parameters yielding the same type of data {#Sec18}

For the original JR-NMM, it has been shown that different combinations of the parameters *A*, *B* and *C* yield the same type of output, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =(A,B,C)$$\end{document}$ of the stochastic JR-NMM ([25](#Equ25){ref-type=""}) obtained from Algorithm 1 (ii). The horizontal red lines and the vertical black lines represent the uniform priors and the true parameter values, respectively. Middle panels: Pairwise scatterplots of the kept ABC posterior samples. Lower panels: Two different views of a 3-dimensional scatterplot of the kept ABC posterior samples within a cuboid formed by the prior. The green dot corresponds to $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta ^t$$\end{document}$ (green lines) and with the three highlighted kept ABC posterior samples lying on the invariant manifold of Fig. [6](#Fig6){ref-type="fig"} (red, orange and grey lines) using the same pseudo-random numbers. Lower panels: Corresponding estimated invariant densities (left) and estimated spectral densities (right). (Color figure online)Fig. 8ABC marginal posterior densities $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =(\sigma ,\mu ,C)$$\end{document}$ of the stochastic JR-NMM ([25](#Equ25){ref-type=""}) obtained from Algorithm 1 (ii). The horizontal red lines and the vertical black lines represent the uniform priors and the true parameter values, respectively. (Color figure online)

Since the internal connectivity parameter *C* has an important neuronal meaning, in the following we assume *A* and *B* to be known and infer $\documentclass[12pt]{minimal}
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Now, we keep the same ABC setting as before, except for defining $\documentclass[12pt]{minimal}
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Similar satisfactory results are obtained even when adding a fourth parameter, for example, when inferring $\documentclass[12pt]{minimal}
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To illustrate again the importance of the structure preservation within the ABC method, we now apply Algorithm 1 (iii). We use the same conditions as before, except for a smaller time step $\documentclass[12pt]{minimal}
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Parameter inference from real EEG data {#Sec20}
--------------------------------------

Finally, we use the spectral density-based and measure-preserving ABC Algorithm 1 (ii) to estimate the parameter vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta =(\sigma ,\mu ,C)$$\end{document}$ of the stochastic JR-NMM ([25](#Equ25){ref-type=""}) fitted on real EEG data using Algorithm 1 (ii). The red lines correspond to the uniform priors. (Color figure online)Fig. 12Top and middle top panel: Median (blue solid line) and 95% credible bands (shaded grey areas) of 10 *s* of trajectories of the output process of the stochastic JR-NMM ([25](#Equ25){ref-type=""}) generated with the numerical splitting scheme ([17](#Equ17){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$$T=23.6$$\end{document}$ using the kept ABC posterior samples derived from Algorithm 1 (ii) under the same seed for pseudo-random numbers. Middle low panel: zoom of 1 *s* highlighting a frequency of around 10 Hz, confirming the $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$-rhythmic behaviour. Lower panel: Estimated invariant density (left) and invariant spectral density (right) obtained from the EEG dataset shown in Fig. [10](#Fig10){ref-type="fig"} (red dashed lines) plotted against the median (blue solid lines) and the 95% credible bands from the posterior predictive samples (shaded grey areas). (Color figure online)

In Fig. [12](#Fig12){ref-type="fig"} (top two panels), we report the median (blue solid line) and the shaded 95% credible bands (obtained from the central posterior intervals) of the first 10 seconds of trajectories simulated from the fitted stochastic JR-NMM ([25](#Equ25){ref-type=""}). The paths are generated with the numerical splitting scheme ([17](#Equ17){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$10^3$$\end{document}$ kept ABC posterior samples derived from Algorithm 1 (ii) under the same seed for pseudo-random numbers. The narrow 95% confidence bands suggest how the kept ABC posterior samples yield similar paths. When using different pseudo-random numbers, both the median and the 95% credible bands of the generated trajectories look constant in time, as expected due to the underlying invariant distribution of the model (figures not shown). The bands show a similar oscillatory behaviour as shown in Fig. [10](#Fig10){ref-type="fig"}, with an approximate frequency of 10 Hz, successfully reproducing the underlying $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$-rhythmic behaviour. This can be clearly distinguished in the middle lower panel, where we report a zoom of 1 second. The successful ABC inference is also confirmed by noting the matches between the invariant densities (bottom left) and the invariant spectral densities (bottom right) estimated from the EEG recording shown in Fig. [10](#Fig10){ref-type="fig"} (red dashed lines) and from the fitted model when considering the median (blue solid lines) and the 95% credible bands (grey shaded areas). The match is poor only for low frequencies of the invariant spectral density, even when choosing broader priors. This may result from a lack of fit of the JR-NMM or of stationarity in the considered EEG data. A deeper investigation of the model (including adapted versions, see, e.g. Wendling et al. [@CR63]) and of its ability in reproducing real EEG data is currently under investigation, but it is out of the scope of this work.

Conclusion {#Sec21}
==========

When performing parameter inference through ABC, crucial and non-trivial tasks are to propose suitable summary statistics and distances to compare the observed and the synthetic datasets. When the underlying models are stochastic, repeated simulations from the same parameter setting yield different outputs, making the comparison between the observed and the synthetic data more difficult. To derive summary statistics that are less sensitive to the intrinsic randomness of the stochastic model, we propose to map the data to their invariant density and invariant spectral density, estimated by a kernel density estimator and a smoothed periodogram, respectively. By doing this, different trajectories of the output process are mapped to the same objects only when they are generated from the same underlying parameters, provided that all parameters are simultaneously identifiable. These transformations are based on the existence of an underlying invariant measure for the model, fully characterised by the parameters. A necessary condition of ABC, and of all other simulation-based methods, is the ability to generate data from the model. This is often taken for granted but, in general, it is not the case. Indeed, exact simulation is rarely possible and property-preserving numerical methods have to be derived.

The combination of the measure-preserving numerical splitting schemes and the use of the spectral density-based distances in the ABC algorithm lead to a successful inference of the parameters, as illustrated on stochastic Hamiltonian type equations when the process $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{Y }_\theta $$\end{document}$ is observed without measurement error. We validated the proposed ABC approach on both linear model problems, allowing for an exact simulation of the synthetic data, and nonlinear problems, including an application to real EEG data. Our choice of the crucial ingredients (summary statistics and distances based on the underlying invariant distribution and a measure-preserving numerical method) yields excellent results even when applied to ABC in its basic acceptance--rejection form. However, they can be directly applied to more advanced ABC algorithms. In contrast, the ABC method based on the Euler--Maruyama scheme drastically fails. Its performance may improve for "small enough" time steps. However, there is a trade-off between the runtime and the acceptance performance of Algorithm 1 (iii). Indeed, the simulation of one trajectory with a time step $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-4}$$\end{document}$ requires approximately hundred times more than the generation of one trajectory using a time step $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-2}$$\end{document}$. Hence, a runtime of a few hours would turn to months. In addition, even for "arbitrary small" time steps, one cannot guarantee that the Euler--Maruyama scheme preserves the underlying invariant measure. For these reasons, it is crucial to base our ABC method on the reliable measure-preserving numerical splitting scheme combined with the invariant measure-based distances. Our results were discussed in the case of an observable 1-dimensional output process. However, the approach can be directly applied to *d*-dimensional output processes, $\documentclass[12pt]{minimal}
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                \begin{document}$$d>1$$\end{document}$, as long as the underlying SDEs are characterised by an invariant distribution and a measure-preserving numerical method can be derived. In particular, one can compute the distances in ([8](#Equ8){ref-type=""}) for each of the *d* components and derive a global distance by combining them, e.g. via their sum. Moreover, to account for possible dependences between the observed components, one can incorporate the cross-spectral densities which are expected to provide further information resulting in an improvement in the performance of the method. An investigation in this direction is currently undergoing. Finally, our proposed ABC method may be also used to investigate invariant manifolds characterised by sets of parameters yielding the same type of data, as illustrated on the stochastic JR-NMM. This may result in a better understanding of the qualitative behaviour of the underlying model and its ability of reproducing the true features of the modelled phenomenon.

Supplementary material {#Sec22}
======================

Further illustrations of the proposed ABC method are available in the provided supplementary material. In particular, we illustrate the performance of: (a) Algorithm 1 (i) for the estimation of the parameters of the critically damped stochastic oscillator, for which the exact simulation is possible; Algorithm 1 (i) applied to the critically and weakly damped stochastic harmonic oscillators (see Sect. [4](#Sec11){ref-type="sec"}) when estimating a smaller number of parameters; (b) Algorithm 1 (ii) for the estimation of the parameters of a nonlinear damped stochastic oscillator; (c) Algorithm 1 (ii) for the estimation of the two parameters $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ on the identifiability issues discussed in Sect. [5.2.1](#Sec18){ref-type="sec"}.

Electronic supplementary material
=================================

 {#Sec23}

Below is the link to the electronic supplementary material. Supplementary material 1 (pdf 1592 KB)

The data are available on: <http://ntsa.upf.edu/downloads/andrzejak-rg-et-al-2001-indications-nonlinear-deterministic-and-finite-dimensional>.
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